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ABSTRACT

—~3

S .iper ~ e~ .e n t8  an a i ; r i t hz n  for the minimi,~~t ion of ~t n~ nl inear ob)e t iV t

urt t t~~n sub’ect to rioni lni’.Jr inequ.~1 t y and equal ity ‘onstr .~~~nt2 . The proposed

~~~t h~. ’~i ~~~~ the t ~~ ~l :;t inquts;hi n~ ~r~ ; ert i es that , under weak ass~ rn~ ions , i t  o n—

verge s t c~ ~ K~ihr~— T~~:k e r  point fo r  t he  1’iol lem and under rs wLt ~ stronger ~~~ 
—

t i’~ ns • he r .tt e of ~onverqcnce is quadrat i .  The ~iet h ~ 1 s s  ~mi 1 ~ r to a recent

~‘ thod by Rosen i~ i t~~..tt i t  he~~iris by us inq a penalty fun’~t ion approa~ h t ’

~~~~~~~~ .~ t (‘ 1 pO11~t 1 .1 flq ’ i~~~~~~~r h  o~ he opt imun .t~~ hen ;w1 tr).e o Robinson •

~~.‘ thod. rh.’ ~ .‘w metho~ h.~ t wo n.’w fe~~t UT•’~~ not ~~ T e i  v i’.t s e n  S method. Fi t

- ‘ r rec t  h~~ic.’ of penalty f unction par.% r.~~ ’~~~. H c n 8  ~~~ ‘ t o mat tca l l v , t hs~
1 ~ n~~ globa l ‘ v ’ .’.~ rUe r.~ e a t it I on.i i . Second , the line .a 1 y con

s r.atne~ c - ‘b l e ’~~ ~~~~~~~~~ by tL.- K hin U. ~~~~~~~~ ‘ r7n.ully ~~ in ~1 neaz

~nequa l i y  c~ - t r a ~ :t ~
; i..hilc f ’ y  the  metho l !r ~’~~”n~~

-
~ h.’r~~, only linear equal ity

~ s s ~ raint s .~~~ t -z j r e t .  That is, in i certain ‘ ; e n . ,  the flew method “kr~ow~ ”

wh ich of t h e  l t n r a r  ~nequal~~ty  r r ~s~~raints w i l l  be ; i t i v e  in the  nul~~rob le . The

subproblc’rns may thus be so lved in .tn e ;~ ec~ ally  ~d f i C ieflt ~~~~~flfl!~~~~~.

Prel irnin~ary coin; ut ~t t  ion~~l resu l ts  ~ir° rc’ ’~ ’ntc- d
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SI GNIF I CANCE AND ~ (PLANATION

This paper presents a computational method for solving the problem

of minimizing a nonlinear function subject to nonlinear inequality and

equality constraints. Such optimization problems need to be solved in

many practica l applications , and one of the difficulties to which most

ni~ erical algorithms are subject is that 
of finding a starting point

close enough to the true solution . In this paper we show that by com-

bining two different types of ninnerical methods, one can produce a method

which can be started at any point and which , under fairly weak asstznptions.

will, converge to a (local) solution of the optimization prob lem no matter

how bad the starting point m a y  have been.
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the etaul I 51:4 :. ul.i3 rs.sblems 4 i c -  x s .  i -.~s’h y  hoist’ whi t: would be 1,-c s - i -iso rs , : , t  f rom the

orig ina l lis t’ina~ ii met hod,

Since t he Itobinson’-ty~.t’ a ubp robl e~ s cOnt~~i rs linear equality constraint s only, irs

~l~l ~-‘~-r iSte ts- ,,r eaoe :n the .s s r t ;  03 A t  ion4l • ‘ !  f . :  t required for their solut i s s n it ,

ant icipated .

As in the ~-a5t t  f su i  l’.~ sen ’a ss 1.}’n~~
ssas t :, any •‘ff i . - ien t algorithm capabis- of nr in imiri nq

a nonlinear otoecttve f up-ic-tion subject to  I irs ,-Ar equality constraints may be um,s3 3 5 5

solve both the penal t y f~ n.-t i - ri an.! ‘he Robinson subprobiema, I c -  • i f  the g ive n

nonlinear prob l em -,-n tAi ro li t is’ ,s1 inequa lity - - i Bt ; - - tV s t , -  a s well .am its- ru inear ‘ - ‘n --

st r a in ta. the Linear inequ ality , -n :.t1, tn ta should be 
~

s •
~ 

e x p l i . i t  in  both the penal t y

problems and the Robinson ‘s-,~ :3roblems . This can be ,ione it: an s ,l ,Vis ut- fash ion and for

notationa l simpi jci -,- we do not - i tvw 3 ~ s. - ti- i a ils ? ,eX- e . i~s- Is, , 3.s ’ws- ~ - - ,  • -s n:, is -Icr I inear

equality co ns tr .asr ’- - (‘53 h i - i ” l y .

For the solution the l inear ly .‘.~‘.notra ined sukspruh .lema. Ro’..n recoe~ ends the

t - - - ; i 1’ ” ‘f ~~~~~~ 
i~.’ ,i:iti c- if their es- ’.it-It ~~t ,- .1 ,— i~~’id  r a t s - , ’  of c’o,-,- - , o s - t s.’ , we also

suqs;cst the a i .~o r t t h ms in I - I  and (‘~ as alternatives.

P t e i : r ; r ar ’ . c-omputatl’-s nal resu lt s are given in Sect  1011 5 .

Rosen suggests the us.’ of a s q s l , 1 7 e 1  ex ternal ~—er .ilty f unct ion . The ti ff i cu l ty

w i t h  t5~~s is ‘Sat it has discontinuous ,s,---n ~ de r iva t ives  ~nd ‘t.s-refore, the ra t e of

convergence of the algorithm ua.d is-s solve it , e.g 121 ‘:- t IS). may not be as fa s t ‘s-s

possible. Her e we u p . ’  an external 314 1 ’ 7’ - ~en.alty f- .~~,. - t ion wS’ich i t- s have -ontintj ous

second der ivat ive s, so that the ra~ id con%-e r’p c’n- s’ rates of :1 and (R) w i l l  apply. We

point out that this part icular t-:~ -e of penalty function may not be the $0at nt~~str i c aliy

eff i c ient . Ho~.v.r, to tak . advantage s t !  the rapid ra t.-’ of ,-,-SnverU en - ‘ 1  12 1 or 101.

a pena l ty function with coflttn~X)u5 ses —ond dar ivi ’ives should be :i’s .- -I.

For any colt~~m vector x and m a tr ix H, we use x ’ and H’ to d.’note transpose.

respectively

.- - - - ~~~~- — --~~~--_- --—-~~ - -~~~~•.-•~~- - •• -
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We - ‘~~t~~
, -iso I - s ~~xiel problem

PR ; r t i ; i -  (xl x t H) , x P~~. where

— - x h x )  0, i — 1 , r’; 5 (x: — i — is ‘ i ,,.., m • q •

5 , ( ~~~ ) •s ,~~
•
~~~~

_ 
• i 5~~ s ’ ’ l, .. , ,  n s . q  • ‘ - ~

i i i -

‘(xl h (x),.,., h (~~3 ar.- ,, n t i!ss -u,. lv ‘t i ff.’ t .-, ’ iai e .

Ti:.- ~~4el i t  lee thus --i - . m nonlinear inequal i ty cor.. . t t A i ; u t s . q nonlinear equality

s t s - .t si i n t s  ~sri.3 p linear equal i ty s ’ s ; : s t taints. - We :s ’ - t hi- penal v- u~ t i - i ; .

1 * ;  
~~~ 

-
~~~• 

) • (xl • :
~L 

(h (~~ 
* 

‘ ‘
~~~ 

5 ~~~~

i l  i— mel

~!i (xl if h s ~ 0i —
S Cx) —

1 
~ if h (x)~~~~0 .

We use • S.- fo I l  -sw i T .  • a t  S f .  - t s - linear i ~ed 3 i s - s t - i  e51s.~

:i:(.~~x ) : . h -x ) . : h x ) ’ ’ x — x ) ,
- i t  

~“ 1  

-

H.~~~s ,i t i~~ x — 
~ 

Cu
,
)
~~

1h
i
(x) — , : x x ,) )

LPH (* ,u ) . m i n - ? t ’ x : x  ,u )Lr. lx:x I ‘t . i • 1 , . . . ,  m
i i  1

Lh (x:x,) - s i — • 1 a • q •

LPH(x .: s . I )  :.riuitY !t,x :x,u )~~l,h ( x ; x ) — 0, i~~ I ,
I - ) i I

where xc{ l,. ..,a . q ’ p ’

‘
~~‘ .- .ai - , ’ riths rsa ’3uir es a ; rs’- .”i-,i y- c t o minimi ze a nønl inear objectiv, function

qubie ,-t to l ine - m t equality constra int’s . As previou sly mentioned , the algorithms t i-s 123 .

(‘I .mr . 3  f’~1 --s i-. good si’ !: title s , bu t any .‘ff ici ent alqo ri thrs ws-~ilt t c s ; f f i - e . We refer

• - su- ’h .i ; r - ’ - ‘- -‘ 3 - u s-’ ~ ‘s ;-roi-e - t u ye C i’o~.- ‘-‘3 -ire ! is to solve a problem of ‘Sc  f nis

• 1  tIi n~~Hx ~~~~2: ( x ; x  I . . ,  I I I
i I

s is mi - v  n - n h — ea r  function sin’ t  I s ’ s a specified index set. If : Ix )  i ’ s

i.mI H (x:x ,,u ,) -t tt I if t hs’ trinir v i .’ati ,-,r problem 3- ic Ph ihn— ’l’ur-ker po int ’s. it i’s

—4—
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‘ t ’ , s - h i i t -  I t.- t . t t ~ ins- , 1 1 5 5  P :i55s I:i . k’ r 3 5 . 1 5 !  (x,u ( wt:u , t, is cl -- s-si

• ,x ,u ) . I~ ~~~*)  iS )
~~‘ 

i l s t X t.~ . Is~~• 
I s i r u s t  I C ( m . q +  1

‘ S s ~~ i is ,‘s ’ . s s .git.- I ‘t..i t ~- i s  s - t a t ’ s ’  ‘ I s - I s - : - ’ : . - - ‘ .r . — T s l s . - : 3- cu irit (x ,u ) such ‘s a t

C- ix , - - - 
I w h r i s ’ t t , s I. . I it t -

~ is i - i.-’ s t .  1,-st . 3  
~ 

- 
S tS ~~t 5  3 3 .5 ’

Pt ,.‘ . si., , I- ho lds i f  * is  a t :  -
~ 

t imal ‘k t i - - l u  o f  ( ) .  It . - - t u t u .  - l ion ~~:‘S

w. ‘. l . s - : .  - • , , !  i sis

— : ( - ( ~~),~~ • I )

lu) — S (~~~x I ,x .n ‘ a l l  t I , and

(.; 5 — 0 3 - :  all V

Thu-s C u ) - - ‘
~~ - ‘ - r i’vol u; - 1 i.-~ • i f - u. s 1 var i sit s - . , t -c : ~

, i s i t s -  I ~~u I h the 1; vica r—

s - - I - - -t - - t i m ’ : 5 : : ’ i. Y~- I s - ‘ - .i’ ? ‘  f~~si variab )s-c -i:.- ~ s ” zsi t .iv e s - f  those

in s- i. • 1 9) .

Wi’ t .-‘.m,’i . 5 - a ’ I’:.- g u m - . - ?  ‘. .:‘  s t  - s n,,! iS i lit ‘it ,‘ ‘IS - sar i .- .; )s~ 1 s- a t i ~ at  s - i  -

i s  T141 A : -  - is

Dh r - ’ - , ; s.’, . ’ ’h’- ~~~~~ 
-
~-•-  rc—~ -u; r e . - ,. • s-. i~~ -a,’ : : , ,  a - _ ‘- ‘ - - t - be - - i v  ;- .f i s ~

t.,

• A .  - ir:j ,’ s -- 1.

i) T’s-(-r i’ i’s  a n-~~ ier i i  3 3 - s i t  ¶ ‘ s -  ~ f - v  s i l l  x in IS’ - -

3; • 
~~ — -‘s ’ x — — . i • r’ ‘ q • I, - - . , r ‘ q • -

it ) m a x h~~ x), i .l,.. ., r- , h~~ x )f , t — a ’ I  , ,.,a .; ’

as ‘ - v , x t S ,

i i i(  M -

• ira t ‘ “ par ’ - ‘ - - -  ‘ii~~~~ .~.~ a.s’s:si- • on - a s s ’ s : :  i s ’ ’  s ’ . . 5 ii ‘I i s s s ~

(• •;  ii ’in ’P (x .j ) i~~ •
1’ - 

1

ss csil ~o l - s t : Ts.’ c 1-a ss ! 3 - at ’ is -a necess ary .a ’s -.:~~i I u - - n  for I s primary

Ci- .-e -ar ‘-; ‘ ima l 5015;’ 1 -5 .

Ps ; - t - ~~ . ‘ -a ’ . -~~~s - : - ’ - f  ‘ i’s’ — ss - ;- ’ r s h m  f - i  t ..- si c-sl it - - -:‘ “f ;- rs s ts l p t s  PR is as

-S.. 

-~~~ 
-

~~~~~~~
. 

~~~~~~~~~~~~~~~~~~~~~~~ , ~~~~~~~~~~~~~~~~~~ .
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, ts ,m-s ’ s ’  sri in i t ia l  3 - s - m t * - 
and ,5, I lsstd iu t r  i ~ ‘ , 8 ‘ 0. - s t

• (a • • 1,..,. ” • q • i - . — , , — — 1, 1 — 0

.a’ , t 3 , - 1 - t s -
~ 

1.

‘ s,: tSr r os s’ ,’,ut “ I t o  ‘ -s?!s l sit

x • I t I l * , , , , , . ,  3, x • 1’)
CN k

s- s I • • :~
- u x ; v  ,.,‘,~~

. ),  
~~ , i’) ,  f~ y ~ V

i i 1 m .-q k

s - - s - v  is • * 1, replace i by ) • 1 and sic’ to Ste) 2.

:t  max h * - , i — 1 , . . . ,m. i • a • 1 ,...,m . - h -~~~ :- •

to Step 3. Otherwise rep lac’ 
~~~ 

by lOu , it I ~ r an d 
~ 

)

or i ‘ a and h ( *
k
)I 8 and go to Sts’j- 1.

s--s tej . 3: :;.—v

4ic it - ix  I ) to: • 1 . . .. .  a
- i t k +

C ) — ’
— 4 ~ ()‘s x I)  for i — , 4  1 a • q- i i k

~~k

mk J

Doter*ine : is- i: 1-. 15.-tv i r I if  an ,3 only :3 a and

:~.‘• :. • t~ U ~~
— • I ,..,,C ; ‘ )‘‘ if has i’s-sr.’ than n

e- s-r’- - ’ - - i.-; i a.- 
~

-
1 ~~~ i f - i: . i • I a e q ,  and go to Ste) 1:

‘to I- - ‘ s-~ 4 ,

- :s’ ¶ 3 - C  ; t  - - s - Sure I t o  solve th e problem 
( 5

mirs H ( x ; x .u
1

)~~LIm
1

(x :x~~) — ~~• m r

I’ no ~~*in-Tucker poin t exis tg replace by lOu
t
. i • I .....a.q .

and go t.’ Step I; otherwise set

x • I ( l ) ( x : x  ,U ), x . t
3 4 1 ‘ j i k

_ _ _ _ _ _ _ _ _ _ _ _ _  —



.tts~!

“ C H (x :x ,s.a ) , x • I ) if
3.1 1 t 3 k

‘‘I i 
0 i f  Il l

- x
te l

r

re place w i t s . .  * 1 ~nd siss i s ,  Step S.

Star 5: I f

— • _~ ll
l u )  0 f s ’ r  a l l  s I~~, srI

Um (x :X
1

) 0 3c r  all ~

15cr. sis ’  I -
‘ s t s ’ 3  4 :  - t S c - rw , Is ’ )  i i  ‘ ‘

~~ 

by IOu , i • 1 m e g ,

and go t o  ~tr3

4 ) COPWERGE~~~E

The f ’~ lowing three 1e~~~as establ ish properties sf i;.. stEproble*a ~~~ ) .  They

are used to demon s trate ti- c basic convergence theorem T3 ,: -srPt P I). TI) ~in~ l i f y  the

notation we set

P x~ • P (x: .. ..... ii I
t - -

wher e we ass. ~~ that ‘“-.‘ penalties > 1 (sr all : and P .

L.ema l

For every I • ) .l the j ,rs -ab1r~

ain (P (x~ x i  S~

has an optimal solution and, therefore , at 1,-’ -,-s’ ii~ kuhn—Tucker point.

— Proof: Let x i H. For every P ccl

S(~~) • x l  S~ P C x )  • i- lx))
£ I

~~~~ 
~~~~~~~~ 

‘
~~
‘
~~~~~~~ 

_ _ _ _ _ _ _ _ _  _ _ _ _ _

-“--5 .-. --‘s-- - - -_ --- , -

-—
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Then

a msq
S I x)  — ( x l  S~ P~~(*) f (~~)} C ~x S ~ (h (s ) ,) 4 

. 
~ 

(h~~(x ))  ‘ i x )  •

i—i i— mel

and it fo l low s tram the continuity of i-i , C x )  and part (ii) of &sst.~ pt ion 1 that S (x)

is co~~ act. Thus the problem mmrm-l- s)(x r SIx )) has an optimal solution which is

also an optimal solution to r - in- i
1

1x)  ‘ * 5  ~~ 3 ,

F - s t I • ‘ , 1 , , , . .  let (x ~~. u )  be a Kuhn-Tuc)’er point of th. problem

Cm -P ( x ) l x  I S~ obtained by procedure ~~. Then tI’s. sequence { . } has the following S

j i s ’ ) ’t  1 
~55,

Lemsa 2

il ‘rb. seq uence ( . ) is bounded.

ii) For every ‘ • 0 there is i- C c )  ‘ 0 suc h that, for al l  P. the following

property 5 , 1 , 1 - s .

I f  i ‘ (1 a then s. . C C c )  i~~ lies h . (x .)  ‘

If i I (a • 1 a • q) then 
i I - ~~~~ implies 5 h

~ 
(x

1 I

iii) Every c luster point of ‘x
e
) is in H, provided

airs - - ‘.,...,a a ~ ~s t * .

Proo f :

LI For every I , x 1 is in th. set

r S P ( x )  c

which by pert (ii) of Asitaption 1 is bounded .

5;) ~.catw e f ix ’ I for al l x l  S we have for i •

s, (h Cx I ) 4 P Cx ) — f ( x  I
i t  i t’  — P £

- - I. .
’

Th im,i

1/4
h i

(x
1

) ~

Similarly. t i-s r i — a ‘ I a • q.

1/4
5 (~ ) I ~i P

-8-

•
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i i i )  s - ’ i t s~ • ! ‘ s s i - . ; ’ l s ’F Is ’e ~~~, m a U- - u i n - l s ’ l , S I  - s JI ~ s - .5 - ~ t ‘ -I:,- s ’ l,s:. ’ s : 3 . s :~~O .

- x is .~ C . - ‘ s I )-s ~~5 : ’  .*l~,t K V ~1 - ‘r?,s-:, 
~ ~k.es; : ‘ s ‘ i -

a l l  ,--fl ’.!~~ .s: ’ - As- ,orw’ h
1

l x  > 2. ~ 0. I’ f o l 3 - - ~-- . ‘ --a ’ h
1

1x 1 ) 
) t.

I. :  i s )  m:.~ t,- l y many 4 . Sin . 
~~~~~~~~~~ 

. I’ • ~ ) ‘ — 415 5 ‘ —

‘hi s , : t : , s i s  I m . - : s ? - - ; . a s ’ (ti ) I .s l - ~~~”-- s. - i s

- . s*in(~. .1  -‘- ‘ i -  - - , .- . x is - a C l ,u .I. - l )--u nt of

~sr~~1 su_pp~se J C - .1 ,.. . ,  is ar. s ’ s . ; t  i ’ s - - ..- t such t n s i t  ‘ x as I •

P ‘ .1 . s - . -  I it . - - s  s. a way ‘ l i t  • 3.’ :  • 1 . .. . . m ’ q .  3

h i x  — . t t  I , ‘s r I  h s x S - ’ . i V l .
1 I

t i- . vec t :  Ix) • , .~ ~~ in s a i l ’ ’. I~ S’SdS’S 3 t 1.S~ ¶ l., i s- are nts~~ers 
-
~

such ’ s ’

-5. - I  i x i  — ~ . 1 , i . ix ’. u 0 f s s :  m s I, i ~

‘ i—. I I - I  C ’.•’~~ ,’ I.

- x , I )~ u t :  i ’ r
i s  i - • i 

as I — • , C (  t -

_ 4  .
~~~~~~; ) ) ~~~ ~ — • ~ .• . . .— *

‘, : t s s . t
~~~~re , ~~~~,K 1

3 O  I t  L V I  its - f 1 t 3  - - s - l f i :s- I! ’ y iarge .

iv  .- ‘ ‘1e- auac t ”~
- t-. I I n- ;: t ’,’ - - ‘ i-. ( x i  3--ave h ( x ~ ) ‘ 0 f o r  i I I and

& -: : ‘‘ - s s - -  ly srI’- .

‘•
~~~~ 

C x .  s )  • 4 . ~(h x ) )  
1
’;h 5 K )  

~~~ 
(x 1) )  

1
Th 5 

(x
1

)

i- a

~- x ) l ~ ‘-i i d , i ’ ~~~ii I • —

‘
~~.1 

— (h
1

: x ~~) i  I s- i  i C ‘ I a • q

S i nce I IC a !-iSn-T - :- lt i’ i’ ) o r . I  of ISs- 3 - : - --P ’ l .’e i’sm n ’ r us ) 3- (xl • - ._
( _ £ I m

i — a • -; • I.,... — * -
~ ‘ 

‘ s . s - t ’ -  ar .-. ti
1
. • a ‘ q • I “- q • r such that



• 
a’-~,j.1 —

— u
1~~

’- ’- . x~ - . 

—

t _ r :a- t - t s , — .-  ,‘s- f- -i P ‘ J - - .f t i - 5 -  0, - isi:-~.- ,

- V - -  -
s~ .5 ~~1 .0

£ - it i I

and

- - 

~m L 
‘

~~ ~ H .. 
fl:. ~ I — -~~ x . H 

~ 

u~~ ‘
~~~~

-
~~ 
I
t
) — ‘- ? ~~~~~ -

Secasjae Se ‘,. t i  , ‘.3: 
- 

ii) , m I I • are a - s t  m r.sIc).cts.Irr.t ’, Is-c ‘s. - j et

• I -
, ) ; S bo - jrada -1 - s-i , m I, be a cs - I  lint ci 3*~i i!’:t I this t ’e-3Uc t a- .

Th. is-

f l . t x )  — u
1
’-’i-. t~~) !  ‘ 0 as P ‘ — . I c

— U -i- -s I u ‘ O f - i m a .
i’:  

1 —  —

- s r .  the r. ’ r.sent at •- . s f  ‘ e t ~~ ‘! .h (K, is un~ - 3~~~, si U • ~ ‘ I
I ~~1 i

as 4 . — . (1 .~ .

—a- are tw~~ ready I - 3 i e’s e~~’ •‘- e b.*stc convey - I - ‘ t  - ;.‘rly s - f  i f - c  a~ ;- s t l ~e ai

Theorem 1

Let the ‘ s e 3 * r . e (5) • x . .~)) be generated r - ,s- Is. -~- ai - ;--rui!’cs , If at st-~I

It n i t e l - .- many I ale -a~~~;IeI ~~
- - s- .’; I ’ ’ .’-’ ( v )  ‘ - r . ve s -sec  at least IInøs rly Is -  a

K ihia-Tucke: s - - s- tv- .’ r • (;,g) --I PIt, i f  its - f:—st.- y —-a- - - - w arc ’ 4.1st-mined by - s c - ; I

then every c l — v .- r ;.- : -  t h n n s ,2 ’- ’- : w-~ - is in ~~~, If vS . qrad ien te of the

c-n nst ram rts  4- ’ t u v o  :1’ i .atr l: - ’ .ar ’.’ ~isfc)rr, fcr.~ • t - r r .  that ’, is u such that (x.u)

is a t’,ii’,r- - ” i ~
’I”r - 

Proo f S’sç~xra. .-st--1y f : .’ l- ~ ~-s i - -~ are cs~~ sut d  by Stet,s-s 1. Then it !s—Ii - -~en ft ’a
a

c thst ~~~~ m ’ s a , i-i .c’~~s-~ sn”r which ‘onverqee at least lin early to sa~~ t, -:

Fur ther-more . . s u -  - e 12.t~ i 2 : x )  0 for a l l  m V 1
k ’ ‘j i  

Is a Kuiv~”Puck*r ;“- i rsv • 
-

for ~ i i-i ~~~~~~~~ 
8y -s-r”-~~lar’y 1 in (s ), & is a Su)-.rs-1’uck.r point c-f r~ , The sc’cond

- I—, -

- 
—1

____ ‘ -  -~~~~~--~~~~~~~~ -- -~~~~~ — - --
~
- - —  - -—-— — 5 - --- —_— -- -- - ---- S~~~ ——



- - 5 -’- ~~~~~~~~~~ --.--—--- —a-— -

i—a t 3 3 t I a -  I t- s c. is-rs f . -~ 1sjwa I rue i.-c’~~~5 . and Lr~~a 3 F-q-~~4u’ss- in i l s i ’ s  - . 1 ’- ”

— -

SC ~~~2)kAT1’ icA i l .  1 - ! :~~‘~~~
- -

Its - or-si. , 3~ - entaL’ tiss. . 15. i - at.- - I -~ Ic ” C f ~ 3 a - t  s ’ 3 i ! , 5  C u t f - c . s 1  wv - is.’ 3 s - i  ia-  tI.- 3 - 1 low—

iraq additiona l as,s~~ stm on to be s-at i~~fie-d vs. s i~-s-aiis -out tS r  remainder -f • 1-~~ is ;-.: -

Aa.t~~tion 2

The sequence ‘r~~ 
— t s - x ,,’. s ) 1  -~ eis- s- ra t s ’.I 5 -y  t I c  ‘s~~~-~ tithes - - - t , v c : - ; . - s -  ‘ - a lim it

~~ Lflt g — mx .  -j 5 w it h  the fo l~~.sw s r.-j prop rt ic’s.

s) The gradients ~‘f the - -~-ts -’ svram nt s active at x a:” linearly independ.nt.

t . e .,  z is a 5u n-tu~Jmer point -~~~ ,r’s- rec  1).

ii ) ‘s-. st:’ict ct~~~lementary alacknew, condition 10 sat ia ts .-d at tx .u) .

Li ii (Psi , h (s ) , i — 1 m • q at .- IWS:.. ts-vinuou*ly -is ffereti t )abl, si, an

opera neiqhborhood of ;.

lvi  ‘fl ~e seco nd or-de r s s ,s f f i s - er. -,- - r , f s t i - - r : r -  a re  sat isf ied at (w , u).

For a — a . define

F (s) • ITt is: ’ - - s: ~Vh ‘ x :  . s — i ) 
1
h

1 
IX ),.... (u) ,i~~(x ) 

~~~~ 
Cx - .. . -

I l  was nt~~v iv -  ~~ 1 3 -s t  ~~ La nons irvi -,~~e r .  I-is ! . • 
s~ ••7~~~~)

1s ~

Prior I - iemcsn~ tratinq th. main ct-ats-w’rgCflCIe rat. t e~~, i t  we require the ( c - i  lcmv inq

t~~ eema e and th.or.ø.

~.ema 4.

Let s • i , - . be as Sr . P..sssrçt ic ts-  2. Then there iC  - — 5 (5) ‘ 0 such thist the

!—,l1owsr ,-~ prop erties hc l sf

i) If  i a and S Ix) 0 thøn IJ:1
c s

2
:x

7
) - 0 for every

5-- 
~l

’
~2 B(&.i.) • (~~~i - a — .3.

-‘- 
Li) If I ~ a and i -i ‘ 

-
‘ 

li-en (u)~ ~ 0 f or eve r, & V

‘-.- iii) If x l  B ( i . -} i~
) and 4 w s -~ F l t) f l  - ~, t his,- theta is x i  B ( g , ’~~i a )  such that

I is the un ique ~uhn-1’ucker- ps-’m r.t of LI’H h ,s in

— 11—

- - 
- - _ _

-
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—
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a--’--- - -5 
_ _ _ _ _

i’ f’,c o ! s  The t s,em,a f~~1 -ssc ’ s f rue  Leema 1 in 19( sit -I the I- i sa - s f s - f yI,,- - -~~~ n •‘ IA ( 9 ) .

T):s- I - - i t uwm nq s -  a ge~~t4t a,r.3 s -c t  ~ ibiitaOn ’5 :a-’ s :sIt ~- 4 3

: 5 - - t s r - s .

Thor.. * m s t  nt~~ .rs • 6 1 i 1  ) 0 and -‘ 0 ns i. S tha t I c - I  any starting ~~int

£ I 0 (s . f )  the sequence (~~~ ,I Sn ~~binson ’s alqoritha exists and conv.rqes

s-quadratically to z. In particular , there is s~~c con stan t c’ such that

• 1 (:~~IHZ - s ,

i’ .i r v 5 ,- :~~~s : c . for  a l l  3 ) 0,

— z j f ~ 
A

(~~~~~
( 2 )

4.. ri r ,t f l  is

i , - ;  ~~~~~~~~~

N- *- f. thi• theorem is equivalent to Theorem 2 in (9) .  Th. last three sri.qualitm.s

i v’-  r.-s -- ! it ~~ 3rd  srs - tha t 1s c- - :et t  but are derived in its proof.
1

1’?—. nest t en -_ i l l  - ;“ ‘ . f ; c ’ t c  - ‘Ur uee -f ~mn ,ar e.~-..s :ty constraints rs t he, than the

masua l n - ’-.- ;-isi :;!-- --r. ’s t r a ; ’-, fs Sr LPHix~~.ss .I).

.1 :.mv :(~ C (I a • p • q 1 be defin.d Sr. such s wa y tha t i i  I i i’)  s f

.i- .l only it  l ( t s  • 0. If k ‘ then for all sufficiently arq. k lb.

set detereined in Step 1 of the aiqorithe is •qual to I(:i .

ii ) ‘The re ix such that, for ~ ~~~~~ 

I.Pi4(a~ ) and L.PI4(a~ . i t)) have

Ea*in-T~cksr po ints and - ~~~~~ where 

~~~ 
and at’. the

Wsmhvs-l’uckri ; a - s i r . ? n  obtained I-y applying procedure ‘ to L P l c r . I ( ; ) )  and

U’)Ist ), respectively.

I )  1~~spose h
1
I,) c 0. Pot k suffic iently larqe we have h j (*k

) . 0 and

(ma.5
)
1 - 0. Thue h

t
(*

k i t - (ma.,,)1 and if  1k ’ N~~ st~’pose hitil • 0

and I ‘ a .  Sy the st r ic t  s-c~~~l.emi-itary slackn see condition (u)
1 

0.

— 1 7 -

•5 5 5-.’. is-_ati i I~ s 1x—.*-*~~t- 5 — - 
- -

~ 
“‘:~ 

‘ -- •~ s-~~~

- • 
a- ‘— a- 

__ _ ~~~
_

~~~~~~~~
__ -~~~~5__ 5 a- - - - -s — -a- - .  ~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
_ _ _  

—.
~~~~- ---

I,, - - 1 c x ) ’ 1 ~~~x ) and , i - -- I.-.’~~ -si ’. (ii.) (u) , a - ’ • ’.
i x i  i

have I Ii (si -

- 

. - I - t k - - ,t t, i s- * s t  1- s a: sis’ , - s - . i  t I

i s  - ~ s .is’ ~ 
- si I. ILi! 

~ 
l~~)-l  s ’  - Z I B C~~~. ~) sit I 4 - F (t I

~is. c . ! ’~~~~~ ~~ - - h r  , i t t  (iii) - I tat~ ’s.a 4 t t  -it LPH(: i as a Y c ~~n—Tock ~~r

‘ - . -  - .. ~: ! I-i- • 1  ‘s s s ’.i - - 3 LPHIr iv,

til t , i,), ‘s claim fii : , t t I - at  :
1 

is also a Ku).,—T -_ i-~k.r point -uf

- 5 ) ,  ‘l’s i- -va- - - t t l a sa  a-c- h-a ve t ’ .  - . - -~~ t hs i t

(~a ~) — 0, a V 1 (z )  3 :2 - ix a x  ) • - : , i e I ( g i -
p. i 3.1 )

3 i V I - : ) .  h (*I - 0 ,it— -t , C - . j -.art ( i i  . 1 Ir~~ ssi 4. :2 
1

lx .1 .x~ ) 0. 

- c -_i I • 0 i f  S(t), II a l i v ’  and i ‘ t -  S Ii) - 0
‘ i i

,nn.I , by the sIr l i t  c~~~~ 1a-rsa- t l ,a t - , s lack ness - ‘ v;.f~~! i - - r-- ,  Is_i ) ‘ 0. ‘~~.c : . ’ I -  y e

1 .1 - a-si l i - s e  ;-~i:l ( 5 5 )  I Le~~~a 4 that - 0 a - i . s’h i~~~ ls s ’ .

:2..
1~

ss 3.1 a x ,
) • ~‘ . ~i-- a- las t — s x , -.m c C -.- any t’t*irs—Tsm , -ke :  ; . s tf l t  s f

- 
- 
. (a)) in t’ : . ii). - -r .— v-cr - I V - ‘3 it 3 -  low’s ,a-i .ai’- i

sail ( I )  of Leem.s 4 ‘-I m ’ 2s ~~ . 3 :; , a-- .-~~’-~~ -s- • ,r I : r), t iv ,

• - - - t — ~ ~ersi.—•- ,-c t - ,- • ; Is i -  ~- ‘  so c. - ,nd ; - ~si- t I t : )  - I Le~~~a 4 L iWaly

(ii) ‘s 0. y ’ -
~~~

,- 1  i ’- z to a ZmIth—’Pucker ~
— ~~

,. ‘ .-f ~~~4 s r  ) sir- I

I • ~‘ , —

S 
Wn- a t .  - -~~ rc’,a ! ’ 1. •- r’ n ‘s ’ t - s ’ c- ‘ c .- ~~~~~ uf r.v.’i- - r.--’ - a -  s’f t’ - e ,ii ; s r t t l ’~~~.

1 of h” siSt ’ rt! .iv - v s s  a ~~~- s t  f i t - s i t e l v  - - fts ’ t-s .

S i )  “ -‘ sequence ‘I
t
) i” s . - v s i l ” - I  by “a- a S - ;  l S t ’.p - - - - r. -.-ei- ’ s’r- P—qua cfrat ic& Ily

‘ a V -~.~- ’s-
’
~ - s ‘s et  ).‘~~v-t g - - ‘ I  P5.

i t - a - f
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!.c:s Ii i C  0 .ttt.t ‘ ‘ - ‘ c m i  s-as . ; 1”mc -r .tsi,-. slackness - ! s - I i t i s ’ n  sits - I ; . i i t  (5k) of

Lm~~~~ 4 i~~~ 1 
- - 0. ‘ ‘? s cm ’ - m 1

k ’ ‘ - ~~~ a- r i o ’ ~~ i! m V I; S , I 1~s-r . ( x l  • 0

wh ich by s i t t  ( m l  - -1  :.,‘ .—x~..i 4 imp ! mass l~bs~ si ,, 1 1 5 )  ‘ ‘. i.e. • v 1k’ T h e t a - f - - r e , ~~, -  5 -

- ‘~ -c- 5 ~.1.- It se a: I l i t )  I Le~~~a S t Icit , h i t  ) 3 ,  IC- ,- s—s )t i s ~ 155 .‘ st ,  I,.-: it c -s i  )-y t Ics-

I !:!3.~ is i.l~’r ’ i - s al a - i r~ . II - .- si’s”;-_a.-t- s .’c 14-Csi i s rsoi s ’ s algorithm Which , by Tt ,- .:c--e — ,

‘ s n V t r s 4 e i  C~~ —~1.S4s t t*t  is - al I s ’ -

- - -~~ ~ ‘s ’~
.’ : .tc i I occurs infinitely often, :,..t 

~ 
be rm -_i- - C  tha t 

~~~ I

fs-tr i’r’ - Step 1 of the alqo rit )-. . ror j -s ~~. 1 - - t I  ty :ar~~~ . si , - .~~‘- - - I ic-r . II,- 

- ,: t ;, arms sst St .p 2 ats.I, by L~~~a S. ‘.‘ 5 1 
- 

d.fi t..- -I in - I .‘~ i s  s’ i 5

5 z). Therefore , it  follows f i m ~~ part I s i ” ssl heem,. ~
- that is -h-I i i v . r .”-

by litoi. 4 and is equa l I. th, 5u~t rs- ’ru- - i scv  Jsi irs t , s i - - t s i u t -c~rsi by applying I ’ i i c ( ’ c -siUTc t ts

LPIlta ,). Hence, Iii ,) 0~ t I ansi th
t

i x ,,2 15 .i
) 

— ~
‘
~ • ~ 1

k ’ 
P’urthet~~~te.

for j sufficiently large , ) I r
~
,
~ 

— 

~ j • l~
t :.. ~~~~~ • This’s Sa~ I i e s  that fo r  

~ s u f f i —

ciently iarq e the Cigorithe will remain in the cycle Stc~ - 4-Step S. This contrad iction

s3~~ws that c-~mr aasi~~*ion tha t Step 1 s”c - --urs inf in itely often to wrong . This c~.j- 1ast es

the proof of th, theorem.

~‘~IIPUTA’t 10 1M. ~~SUL1’S

Zn  13 - is s.sct1oq~ we ~-rc’o..r-.t th. results of nt~~~ricts j tes ts  on a Var iety - ‘ 3 ~rnb1o~ s.

The problas.. considered ar c’ taken froe Hi~~~~~1b Ias;  (S I  and ksas d m ( I I-

Table 1 si~~~ riz.s the resul ts, I t  is interest ing to not, that in all cases , only

a sirsql. penal ty function tt•rstion wax re-~c;ir,d. The f inal accuracy achieved aaxtam

of pr imel a- -C dua l infeas ibilit te e )  w as ~- s s t c -  good.

*11 tests war, performed - ‘r a ;i CY8t1C - 1 ‘4 ct~~~ut.r using the P1W compiler with

(WT • 2. ColvIlle ’ s standerd timing prog ran (4) executed in  an average t i-me of 6.144

seconds , and th. stander f~ te.4 times -n vssr, In  table 1 wet. computed using this tia~ .

We point - s i ’ tha t ‘s h e results for Problem 2 of Col~ i11e an, not as good as those

given In (9) it least fo r the sta rt ing point for which convergenc, was obtained in (9)).
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obtaine d f - i  the mett-a-xt ~- ru~’c .cs,s ’~t I s .—: . ’ it , . , iS s ifl 1.-s- I 5,’, re .im-te .t i-v II..- t~ 

(Theorem 1).

For the small.: ‘s’sit problems , the s - x e - s it  m r s  t ime s - cIs - s i t i  ts, -t be taken too 1 , 1 s t —

a l l - ,’ but ii i~~r; r-eqar~ .d as xmm l 5 .  ‘
~~ is ix L’s’- ass,.,’ near ,-* ,-c ’tj t  l c s i  imen ii.- i s’

! that I~c’~ are I i c  ~~~~~ s c y  let  . 3  “~si 1,- it si Ic- t ’s ‘,,‘.c t - -it icy s - I  m~ nc- : ‘ 5

timing r~-s.at:i- ce .
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This paper prea.nts an algorithm for the minimisation of a nonlinear
obj.ctiv. function siI ject to nonlinear inequality and equality constraints.
The proposed method has the two distingui shing properties that , under weak
assu~~~tions, it converges to a Kuhn-Tucker point for the problem and under
somewhat stronger aseu~~~tions , the rate of convergence is quadratic . The
method is similar to a recent method proposed by Nosen in that it begins by
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usinq a penalty function approach to generate a point in a neighborhood of the
optimum and then switches to Robinson’s method. The new method has two new features
not shared by Rosen’s method. First , a correct choice of penalty function parameters
is constructed automatical ly. thus guaranteeing globa l convergence to a stat ionary
poin t ,  second, the linearly constrained subprobleins solved by the Robinson method
normally contain linear inequality constraints while for the method presented here,
only linear equality constraints are required. That is, in a certain sense , the
new method °knows° which of the linear inequality constraints will be active in the
subprobleas. The subprcblems may thus be solved in an especially efficient manner.

Preliminary computationa l results are presented .
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